The vibration characteristics (natural frequencies and vibration shapes) of elastically restrained laminated composite plates used for sound radiation are studied via both theoretical and experimental approaches. The laminated composite sound radiation plates restrained by peripheral and/or interior elastic supports are excited using an electro-magnetic exciter for generating sounds. In the theoretical study, a finite element formulation is presented to model the free and forced vibrations of the elastically restrained laminated composite plate. The present finite element method is then used to study the effects of support conditions, plate aspect ratio, and size ratio of plate length to voice coil radius on the vibration characteristics of the elastically restrained laminated composite sound radiation plates. In the experimental study, several centrally restrained laminated composite plates were subjected to sweep sine excitation to determine the frequency response spectra from which the natural frequencies of the plates were identified. The elastically restrained laminated composite plates with salt powder distributed on their top surfaces were excited to generate the vibration shapes of the plates at several selected frequencies. The experimental results are then used to verify the feasibility and accuracy of the proposed finite element model. The close agreement between the experimental and theoretical results has validated the suitability of the proposed finite element model for vibration analysis of sound radiation plates. The theoretical and experimental results presented in this paper can also serve as benchmarks for verifying the correctness of any analytical model established for vibration analysis of laminated composite sound radiation plates.
Introduction
Laminated composite plates have been widely used in the industries such as aircraft, aerospace, automotive, and audio industries to make high performance structural parts or products. In general, the laminated composite plates used to fabricate these structural parts or products are supported by elastic restraints or connected to other members, which can also be treated as elastic supports for restraining the plates. Recently, because of its importance, the vibration of elastically restrained laminated composite plates has drawn close attention. For instance, elastically restrained laminated composite plates have been used to fabricate flat-panel sound radiators which can produce full range and high quality sounds [1, 2] . The elastically restrained laminated composite plates of these flat-panel sound radiators vibrate and radiate sounds when excited by an electro-magnetic exciter. The sound quality and radiation efficiency of the flat-panel sound radiators greatly depend on the vibration characteristics of the elastically restrained laminated composite plates. A thorough understanding of the vibration characteristics of the elastically restrained laminated composite plates can help improve the design of such flatpanel sound radiators. On the other hand, the attainment of the actual vibration characteristics of elastically restrained composite plates can enrich the knowledge of the vibration analysis of composite plate structures. Therefore, the determination of accurate vibration characteristics of elastically restrained laminated composite plates is indeed one of the important research topics in the field of composite plate structures.
In the past several decades, free vibration of laminated composite plates with different boundary conditions has been investigated by many researchers and different techniques have been proposed to determine the modal characteristics (natural frequencies and mode shapes) of the plates with regular boundary conditions such as free, simply supported, and fixed edges [3] [4] [5] [6] [7] . In reality, plate structures are generally connected to other structural components which can be treated as elastic restraints of the plate structures. Therefore, many researchers have investigated the effects of elastic restraints on the modal characteristics of plates via the theoretical approach [8] [9] [10] [11] [12] . For instance, Hao and Kam [11] presented an eigenvalue formulation for the free vibration analysis of symmetrically laminated rectangular plates with different elastic edge and/or interior restraints. In their study, the first 12 natural frequencies and mode shapes of the flexibly restrained plates were determined. Recently, many researchers have studied the sound radiation of plates subjected to vibration [13] [14] [15] [16] [17] [18] . For instance, Lomas and Hayek [18] presented a Green function solution to study the steady-state vibration and sound radiation of elastically restrained rectangular plates. They also studied the effects of support conditions on the low frequency sound radiation from a plate. In the previous papers on vibration and sound radiation of plates, it was assumed that the excitation forces were applied directly to the plates and the effects of the exciters used to excite the plates were neglected. As for an electro-magnetic type flat-panel sound radiator, the sound radiation panel of the sound radiator can be treated as an elastically restrained plate. The voice coil assembly of the exciter used to excite the elastically restrained plate for sound radiation is adhesively attached to the bottom surface of the plate. The attachment of the voice coil assembly to the plate should have some effects on the vibration and sound radiation of the plate and such effects may become too significant to be neglected when the size ratio of the length of the panel to the radius of the voice coil gets smaller. Therefore, the vibration characteristics of a flat-panel sound radiator with the inclusion of the voice coil assembly should be properly determined if an accurate prediction of the sound radiation behavior of the radiator is desired. Regarding the optimal design of flat-panel sound radiators, especially those comprising laminated composite sound radiation plates, it seems not much work has been devoted to this area. As the optimal design of a laminated composite flat-panel sound radiator is a time-consuming process, it thus requires a simple yet accurate method for the vibration analysis of the sound radiator if meaningful results are to be obtained in an efficient way. The establishment of a simple and accurate method for vibration analysis of laminated composite flat-panel sound radiators is an important topic of research and more research work should be done in this area.
In this paper, the vibration characteristics of flat-panel sound radiators comprising different elastically restrained laminated composite plates for sound radiation are studied via both theoretical and experimental approaches. Different finite element models are proposed to predict the vibration characteristics of elastically restrained sound radiation plates. The effects of support conditions and size ratio of plate length to voice coil radius on the vibration characteristics of several elastically restrained laminated composite plates are investigated using the proposed finite element models. Experiments were performed to measure the vibration characteristics of two laminated composite flat-panel sound radiators. The experimental results were used to study the suitability of the finite element models for vibration analysis of laminated composite flat-panel sound radiators.
Finite Element Formulation of Flat-panel Sound Radiator
Consider the elastically restrained laminated composite sound radiation plate composed of a rectangular laminated composite plate for generating sounds, a flexible edge surround for restraining the vertical motion of the composite plate, an electro-magnetic type exciter for exciting the plate, and a rigid frame for mounting the surround and exciter as shown in Fig. 1 . The laminated composite plate of length a, width b, and constant thickness h is composed of n layer groups of orthotropic laminae with different fiber angles and supported by the elastic edge surround. The plate is excited at the center by the electro-magnetic exciter which consists of a cylindrical voice coil, a magnetic assembly, and a damper. The voice coil of radius r c is a cylindrical bobbin of which the top edge is adhesively attached to the bottom surface of the plate and the bottom part of the bobbin is wound by copper wire as shown in Fig. 2 . When an electric current passes through the wire, the voice coil will move up and down to excite the plate. The damper is a corrugate and annular membrane which works as a flexible support for restraining the vertical motion of the voice coil. Herein, the voice coil together with the damper is termed as the voice coil assembly. The mathematical model used to analyze the vibration behavior of the elastically restrained laminated composite sound radiation plate is shown in Fig. 3 . Herein, the x-and ycoordinates of the x-y-z Cartesian coordinate system are taken in the mid-plane of the plate. The elastic edge surround is modeled as a continuous spring system composed of rotational and translational springs with spring constant intensities K L and K R , respectively, while the interior damper is a ring-type spring system with radius r c composed of translational springs with spring constant intensity K C. The center of the interior ring-type spring system is located at the center (a /2, b /2) of the plate. The effective mass per unit length, m s , of the edge surround is modeled as distributed mass located at the plate edge. The mass intensity m c denotes the mass of the voice coil assembly distributed uniformly around the periphery of the contact circle between the plate and the voice coil. Let the maximum deflection, shear rotation in x-direction, and shear rotation in y-direction of the plate be , respectively. the coupling between transverse bending and in-plane stretching is neglected, based on the first-order shear deformation theory [19] , the maximum strain energies of the laminated composite plate and the voice coil can be expressed in the following form. In the above equation, the bending and shear stiffness coefficients, ie, D ij and A ij are given, respectively, as
where the transformed stiffness coefficients of the kth layer group depend on the material properties and fiber orientation of the layer group and are expressed as 
where E 1 and E 2 are the Young's moduli in the fiber and transverse directions, respectively; v ij is the Poisson's ratio for transverse strain in the jth direction when stressed in the ith direction; G 12 is shear modulus in the 1-2 plane; G 23 is shear modulus in the 2-3 plane; "s" and "c" represent sin k and cos k , respectively, with k being the lamina fiber angle of the kth layer. It is noted that the displacement compatibility conditions at the interface between the plate and voice coil are observed. The total maximum kinetic energy of the flat-panel sound radiator is (5) where is vibration frequency; p is plate mass density per unit area; denotes the integration around the periphery of the plate edge or ring-type support. For the plate with elastic restraints, additional strain energy stored in the translational and rotational springs exists. The maximum strain energy associated with the elastic restraints is (6) where n is the rotation in the direction normal to the plate edge. In view of Eqns (1) and (6), the total strain energy U of the laminated composite sound radiation plate can be expressed as 
where U p and U v are strain energies of plate and voice coil, respectively. In the following, the vibration problem of the sound radiation plate is solved using the standard finite element method. The extremization of the functional I = UT -T with respect to nodal displacements j of the elastically restrained plate leads to the following eigenvalue problem. (8) where K and M are stiffness and mass matrices of the sound radiation plate, respectively; is the column vector collecting the structural nodal displacements. The modal characteristics (natural frequencies and mode shapes) of the plate can then be determined from Eqn (8) .
In the force vibration analysis, the equations of motion for the sound radiation plate can be expressed in matrix form as (9) where C is the structural damping matrix, the nodal velocity vector, the nodal acceleration, and F the force vector. The damping matrix is related to M and K as [20] (10)
where and are constants determined experimentally.
The excitation force F v exerted to the plate through the voice coil can be determined using the following equation. (11) where B is magnetic flux density, L is the length of the copper wire of the voice coil submerged in the magnetic field, and I is electric current.
Herein, the finite element code ANSYS [21] is used to solve Eqns (8) and (9) . The schematic description of the finite element model of the sound radiation plate is shown in Fig. 4 in which SHELL 91 elements are used to model the laminated composite plate and voice coil, MASS 21 to model distributed masses, and COMBIN 14 elements to model the springs. In the free vibration analysis, the MODAL module is used to determine the natural frequencies and mode shapes of the sound radiation plate. In the force vibration analysis, the HARMONIC module is used to determine the amplitudes and phase angles at the nodes of the plate excited by a harmonic load with a given excitation frequency. Once the amplitudes of the nodes are known, the nodal lines, where the amplitudes are zero, of the vibration shape of the plate can be constructed. 
Experimental Investigation
The vibration characteristics of sound radiation plates composed of square Gr/ep [0 o /90 o ] s laminated composite plates with free edge and a voice coil assembly of radius r c = 12.75 mm at the plate center were studied experimentally. The length and thickness of the square laminated composite plates were 103.4 mm and 0.58 mm, respectively, and the size ratio a / r c = 8.1. Regarding the voice coil, the height and thickness of the bobbin were 20 mm and 0.15 mm, respectively; the copper wire diameter was 0.17 mm and the winding height was 6 mm. The average material properties of the plate and voice coil (bobbin and copper wire) determined experimentally are given as Composite plate:
Bobbin:
Copper wire: The spring constant and mass of the interior ring-type support were determined experimentally by measuring the resonant frequency, mass, and spring constant of the exciter using the sound measurement software MLSSA [22] . For the ring-type spring system of radius r c = 12.75 mm, the experimentally determined spring constant intensities were K c = 1. The plates were subjected to sweep sine excitation using the exciter in Fig. 1 and the measured vibration data were used to construct the frequency response spectra of the plates. The experimental setup for vibration study of the sound radiator is shown in Fig. 5 . In the vibration testing of the sound radiator, the B&K 3650C data acquisition system was used to provide a series of harmonic sine function signals sweeping in a specific frequency range to the electro-magnetic exciter to make the plate vibrate. The plate response signals picked up by the laser gun (OFV 350) and vibrometer (OFV 2500) were analyzed using the FFT analyzer of the B&K 3650C data acquisition system to construct the frequency response spectrum of the plate. The damped natural frequencies of the flexibly supported plate were then extracted from the measured frequency response spectrum by identifying the peaks of the spectrum. The i th modal damping ratio i was approximated using the relation I = 1 / 2Q i where Q i is the quality factor of the ith mode. The i th undamped natural frequency f i was determined using the relation
1/2 where f id is the i th damped natural frequency. It is noted that the natural frequencies of the plate with nodal lines passing through the plate center cannot be identified from the frequency response spectrum. The constants and in Eqn (10) determined using the 1 st and the 15 th experimental modal damping ratios were 0.10317 and 0.09922, respectively. The laser gun was also placed at different locations to measure the plate responses for identifying the vibration shapes associated with the natural frequencies. One easy way to identify the vibration shape was to locate the nodal lines on the plate. The other way used in this study to identify the nodal lines was the salt powder spraying technique. In this test, small amount of salt power of weight less than 0.5g was uniformly scattered on the plate surface. When the plate was excited at a particular frequency, the salt powder would move and gather together along the nodal lines where the displacements were zero. 
Results and Discussions
The present finite element formulation is used to predict the natural frequencies and vibration shapes of the laminated composite sound radiation plate which has been tested. A convergence study has first been performed to determine the appropriate numbers of MASS 21, COMBIN 14, and SHELL 91 elements for modeling the elastically restrained sound radiation plate so that the solution of the eigenvalue problem of Eqn (7) can converge. In this study, for comparison purpose and searching for the simplest model for vibration analysis, the following simplified finite element models are also used to predict the vibration characteristics of the sound radiation plates. Model I: The bending stiffness of the voice coil is neglected. Model II: The bending stiffness as well as the mass of the voice coil is neglected. Model III: The voice coil assembly (bending stiffness, mass, and elastic restraint) is removed. The results obtained using the above finite element models will be used to study the effects of voice coil assembly parameters on the vibration characteristics of the sound radiation plates.
For the [0 o /90 o ] s sound radiation plate with size ratio a / r c = 8.1 or 4, the first 10 natural frequencies predicted using the finite element models and the available experimental natural frequencies are listed in Table 1 for comparisons. As mentioned before, the modes with nodal lines passing through the center of the plate cannot be induced by the exciter location. Therefore, the experimental natural frequencies associated with these modes are not shown in the table. Regarding the plate of a / r c = 8.1, the results given in Table 1 show that the theoretical natural frequencies predicted using the present "full" finite element model are in good agreement with the experimental results and the maximum percentage difference between the theoretical and experimental results is less than 4.8%. However, if the simplified models are used, much higher percentage differences are obtained. For instance, the absolute maximum percentage differences produced by Models I, II, and III are 10.44, 11.1, and 10.98%, respectively. It is noted that all the simplified models are unable to predict the ninth natural frequency for the sound radiation plate. Furthermore, Model I is also unable to predict the first natural frequency because there is no restraint to support the plate. Such results have demonstrated the significant effects of voice coil assembly on the natural frequencies of the laminated composite sound radiation plate and inappropriate modeling of the voice coil assembly may lead to erroneous results. Regarding the [0 o /90 o ] s plate of a / r c = 4, if the natural frequencies predicted using the present full finite element model are treated as the true values, the absolute maximum percentage errors predicted by Models I, II, and III are 27.8, 32.17, and 32.16%, respectively. Furthermore, the maximum number of natural frequencies for which the simplified models unable to predict increases from two to four. This further reinforces the claim that the voice coil assembly has significant effects on the natural frequencies of the laminated composite sound radiation plate and the effects become larger as the size ratio gets smaller. In determining the theoretical vibration shape, the plate is excited using a harmonic load at the chosen frequency and the HARMONIC Module of ANSYS is used to determine the nodal amplitudes and phases which are then used to construct the vibration shape of the plate. First consider the plate of a / r c = 8.1, the nodal lines of the measured vibration shapes are tabulated in Table 2 in comparison with the vibration shapes determined using the present finite element formulation with different degrees of simplification. It is noted that the nodal lines of the theoretical vibration shapes determined using the proposed full finite element model are in good agreement with those of the measured vibration shapes. In contrast, except the first 4 vibration shapes, all the simplified models are unable to predict vibration shapes close to the measured vibration shapes. Regarding the [0 o /90 o ] s plate of a / r c = 4, if the vibration shapes predicted using the present full finite element model are treated as the true shapes, it is noted that the vibration shapes predicted by the simplified models are completely different from those of the true ones. Such results have further demonstrated the significant effects of the voice coil assembly on the vibration shapes of the laminated composite sound radiation plate and inappropriate modeling of the voice coil assembly may lead to erroneous results. Therefore, the whole voice coil assembly should be included in the vibration and sound radiation analyses of flat-panel sound radiators. 
Conclusions
The vibration characteristics of elastically restrained laminated composite sound radiation plates have been studied via both theoretical and experimental approaches. A centrally restrained laminated composite sound radiation plate of layups [0 o /90 o ] s was tested to measure the natural frequencies and vibration shapes of the plate. Different finite element models have been presented for analyzing the vibration characteristics of the laminated composite flat-panel sound radiation plate which has been tested. The suitability of the proposed full finite element model with the inclusion of all the parameters of the voice coil assembly in predicting the natural frequencies and vibration shapes of the sound radiators has been validated by the experimental results. The maximum percentage difference between the theoretical natural frequencies predicted using the proposed full finite element model and the experimental ones is 4.77% for the [0 o /90 o ] s sound radiation plate. A number of simplified finite element models have also been used to predict the vibration characteristics of the sound radiation plates. It has been shown that the neglect of portion or whole parameters of the voice coil assembly in the finite element formulation can produce erroneous predictions of the natural frequencies as well as the vibration shapes for the sound radiators. For these cases, the maximum percentage difference between the theoretical and experimental natural frequencies can be as high as 11.1%. The results obtained in this paper can serve as benchmarks for verifying the correctness of any model for vibration analysis of elastically restrained laminated composite sound radiation plates.
